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On the non-degeneracy property of the longest-edge trisection of triangles
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a b s t r a c t

The longest-edge (LE) trisection of a triangle t is obtained by joining the two equally spaced
points of the longest-edge of t with the opposite vertex. In this paper we prove that for any
given triangle t with smallest interior angle s > 0, if the minimum interior angle of the
three triangles obtained by the LE-trisection of t into three new triangles is denoted by
s1, then s1 P s=c1, where c1 ¼ p=3

arctanð
ffiffi
3
p

=5Þ � 3:1403. Moreover, we show empirical evidence
on the non-degeneracy property of the triangular meshes obtained by iterative application
of the LE-trisection of triangles. If sn denotes the minimum angle of the triangles obtained
after n iterative applications of the LE-trisection, then sn > s=c where c is a positive con-
stant independent of n. An experimental estimate of c � 6:7052025350 is provided.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that numerical grid generation and the ability to control automatically and adaptively discretization in
the numerical solution of partial differential equation is critical to the reliable application of numerical analysis techniques,
specially by means of adaptive finite-element methods and multigrid algorithms [5–7,19]. In this context, non-degeneracy of
the elements, conformity of the new grid and smoothness of the refinement are desirable features of the local refinement
algorithms [4,11].

The algorithms based on the longest-edge bisection of triangles were developed to deal with this specific question
[13,14]. These algorithms guarantee the construction of good-quality irregular and nested triangulation. This is due firstly
to the boundedness condition on the small angles of the triangles so generated, and secondly to the natural refinement prop-
agation strategy outside the target refinement area. The simplest longest-edge partition of a triangle is the longest-edge
bisection. For a given triangle t ¼ DRST , and by iteratively application of longest-edge bisection to the triangle and its descen-
dants, an infinite family of triangles may be obtained, say this family of triangles TðR; S; TÞ. It has been proved that if s is the
smallest interior angle of the initial triangle t ¼ DRST and sn is any interior angle of any triangle D 2T, then sn P s=2 [15]. In
addition, this family so obtained falls into finitely many similarity classes [17,18], and also it has been obtained sharp esti-
mated for the longest jth generation edge [1].

It should be mentioned that there are two situations with bisection methods: techniques producing conforming (no hang-
ing nodes) triangulations, and those which yield sometimes such hanging nodes. For example, if in a given triangulation, all
the simplices are bisected simultaneously, so-called hanging nodes may appear (see Fig. 1).

The appearance of hanging nodes is a certain disadvantage especially if we want to use conforming finite-element discret-
izations over such partitions. Local refinement of non-conforming simplex elements by continued longest-edge subdivision
may be considered in order to ensure conformity. The extent of the subsidiary-induced refinement due to the conformity is
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an issue of practical concern since it has been noted that refinement of a single cell can propagate LE subdivisions to the
boundary [16].

Several local and global algorithms based on bisection have been proposed in literature [8,10,13,14]. In the context of lo-
cal refinement algorithms based on bisection of the edges an alternative to the longest-edge based algorithms is the red-
green approach both in 2D and in 3D [2,3]. In 2D, the conformity of the mesh is assured by joining the hanging nodes with
the opposite vertex. This partition of the non-conforming triangles is not by the longest-edge in general. In this strategy the
refinement does not extent by conformity.

In this paper we first introduce an extension of the LE-bisection, also based on equally division of the longest-edge of the
triangle, but now in three parts. Then, following a similar argument to reference [15], we prove that, for a given initial tri-
angle t with smallest interior angle s > 0, the LE-trisection of t produces three new triangles ti; i ¼ 1;2;3 such that any inte-
rior angle of ti, s1 verifies s1 P s=c1, where c1 ¼ p=3

arctanð
ffiffi
3
p

=5Þ � 3:1403.
Finally, empirical evidence is given of the non-degeneracy of the (non-conforming) meshes or partitions obtained by iter-

ative application of LE-trisection. In fact, by means of a Monte Carlo computational experiment is shown that if s is the min-
imum interior angle of the initial triangle, and sn, the minimum interior angle after n levels of LE-trisection, then
sn P s=6:7052025350, independently on the value of n.

2. The longest-edge trisection: Definition, notations and properties

Definition 1. The longest-edge bisection of a triangle t is obtained by joining the midpoint of the longest-edge of t with the
opposite vertex.

Fig. 1. Hanging nodes may appear at bisecting (or) trisecting all the triangles in a given triangulation.

Fig. 2. Longest-edge trisection of triangle DRST.
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Definition 2. The longest-edge trisection of a triangle t is obtained by joining the two equally spaced points of the longest-
edge of t, say M1 and M2, with the opposite vertex.

Fig. 2 shows the longest-edge trisection of triangle DRST with longest-edge ST. M1 ¼ Sþ 1
3 ST
�!
¼ 2SþT

3 and
M2 ¼ Sþ 2

3 ST
�! ¼ Sþ2T

3 are two equally spaced points in the longest-edge ST. Note that the angles of triangle DRST are
s 6 p

3 6 r 6 q. The three angles in which largest angle q is divided will be denoted here by xs1 ; xs2 , and xs by referring to
the other angle in the respective subtriangle, so q ¼ xs1 þ xs2 þ xs, and since s 6 r then xs1 P xs and xs2 P xs. Note that in
some cases xs P s (see Fig. 3).

In which follows we consider a generic triangle DRST with angles s 6 r 6 q. After the LE-trisection of DRST , largest angle
q is divided in three angles xs1 P xs and xs2 P xs as in Fig. 1.

We consider first the case of an isosceles triangle with smallest angle s 6 p
3 and two longest-edges, and also two greatest

angles q ¼ r ¼ p
2 � s

2.

Lemma 1. Let s 6 p=3 and q ¼ r ¼ p=2� s=2. Then the minimum interior angle of the three triangles obtained by the LE-
trisection of t into three new triangles, angle xs in Fig. 4, satisfies

tan xs ¼
sin s

3� cos s
P tan s=3:1403: ð1Þ

Proof. Let V be the point in edge RT such that M2V is parallel to SR, that is V ¼ 2TþR
3 . The law of sines in DRM2V and DRST

yields (see Fig. 4)
sin xs

jM2V j ¼
sin y
jVRj )

sin xs

sin y
¼ jM2V j
jVRj ¼

jM2V j
2jTV j ¼

sin s
2 sinðp=2� s=2Þ :

So, sin xs sinðp=2� s=2Þ ¼ 1
2 sin s sin y, and since y ¼ xs1 þ xs2 ¼ p=2� s=2� xs, we obtain

sin xs cosðs=2Þ ¼ 1
2

sin s cosðs=2þ xsÞ:

Simplifying, we get

sin xs cosðs=2Þ ¼ sinðs=2Þ cosðs=2Þ½cosðs=2Þ cos xs � sinðs=2Þ sin xs�

sin xs ¼
1
2

sins cos xs � sin2ðs=2Þ sin xs

tan xs ¼
1
2

sin s� 1� cos s
2

tan xs

tan xs ¼
sin s

3� cos s
:

Fig. 3. Shaded area for the appex R in which xs P s.

Fig. 4. LE-trisection of an isosceles triangle DRST when jTRj ¼ jTSj.
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Note that Eq. (1) implies that xs is a increasing function of the argument s as can be immediately proved by the derivative,

and its second derivative is negative for s 2 ð0;p=3Þ. Therefore, since xp=3 ¼ arctan sinðp=3Þ
3�cosðp=3Þ ¼ arctan

ffiffi
3
p

5 , then the values of xs

are greater of equal than those on the secant line y ¼ arctan
ffiffi
3
p

5
p=3 x � x

3:1403 (see Fig. 5). This proves Lemma 1. h

Now, we consider fixed in a triangle the longest-edge, say ST and the smallest angle s, and study again the minimum angle
x generated by the LE-trisection of the triangle, but in function of the second largest angle r. So x ¼ xr ¼ xðrÞ. Clearly, r
changes from rmin ¼ s to rmax ¼ p=2� s=2, when DRST becomes an isosceles triangle (see Fig. 6) in which the angles of
the initial triangle are q P r P s.

Note that for the case rmin ¼ s, the largest angle of triangle DRST is q ¼ p� 2s. Also triangle DM1M2R in Fig. 4 is isosceles
with angles at M1 and M2 both equal to s2 ¼ arctanð3 tan sÞ < p=2, so angle at R in triangle DM1M2R is equal to
p� 2 arctanð3 tan sÞ. Therefore, angle xðrminÞ ¼ arctanð3 tan sÞ � s.

Clearly, x ¼ xðrÞ is a decreasing function of r in the region rmin 6 r 6 rmax, whose range of values are

xs ¼ xðrmaxÞ 6 xðrÞ 6 xðrminÞ ¼ arctanð3 tan sÞ � s:

For the value of xðrmaxÞ, we can use the result of Lemma 1, taking into account that for the case of an isosceles triangle with
minimum angle s, and two equal greater angles, then r ¼ p=2� s=2, so Eq. (1) reads now as

tan xr ¼
tanr

1þ tan2 r
:

Notice also that when q ¼ 2p
3 and s ¼ p

6 ¼ r, then xðrÞ ¼ arctanð3 tan sÞ � s ¼ p
6. Finally, it is evident by elementary trigonom-

etry from Fig. 7 that
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Fig. 5. Function xs ¼ xðsÞ for s 2 ½0;p=3�.

Fig. 6. Various values of the angle x ¼ xðrÞ.
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x P s() s 6 r 6 arccos
1þ 2 sin2 sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8 sin2 s
p : ð2Þ

And this proves the following theorem:

Theorem 1. Let the smallest interior angle of t ¼ DRST be k, and let 0 < xk < p=6 be the solution of

tan xk ¼
sin k

3� cos k
: ð3Þ

If ti is a triangle obtained by the LE-trisection of t, and s1 is an interior angle of ti, then s1 P xk.

Fig. 7. Situation in which xðrÞ ¼ s.

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Triangle=[0.11066      0.7854      2.2455]
τ0= 0.11066; τ0 / τn = 1

Recursive LE−bisection with 10 levels
0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Triangle=[1.0472      1.0472      1.0472]
τ0= 0.5236; τ0 / τn = 2

Recursive LE−bisection with 10 levels

0 200 400 600 800 1000
0

0.5

1

1.5

2

2.5

3

Refinement step

An
gl

es
 in

 ra
d

0 200 400 600 800 1000
0

0.5

1

1.5

2

2.5

3

Refinement step

An
gl

es
 in

 ra
d

Fig. 8. Evolution of the triangles by the 2-LE partition and max-min angle evolution.
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Corollary 1. If ti is a triangle obtained by the LE-trisection of t and h is an interior angle of ti, then h P k=c1, where
c1 ¼ p=3

arctanð
ffiffi
3
p

=5Þ � 3:1403.

3. Empirical study on the non-degeneracy of the partitions obtained by the LE-trisection

Let us begin by describing a Monte Carlo computational experiment used to visualize the evolution of the shape of the
triangles generated by the LE-trisection. We will represent all the triangles in a normalized way, that is having the lon-
gest-edge of unit length, so that the longest edge of each triangle has as extreme points (0,0) and (1,0). In addition we will
suppose that the opposite vertex of the longest-edge is in the upper half plane and also that the smallest angle will be located
at vertex (1,0). All these conditions imply that every triangle is represented by a point into the mapping domain comprised
by the horizontal segment with extreme points (0,0) and (1/2,0), the vertical line of equation x ¼ 1=2 and the exterior cir-
cular arc of equation ðx� 1Þ2 þ y2 ¼ 1 with 0 6 x 6 1=2 and y P 0.

We proceed as follows: (1) Select a point within the mapping domain. (2) For this selected triangle, the LE-trisection is
recursively applied. (3) The apex of each triangle so obtained is represented into the mapping domain.

Algorithm 3.1 performs the recursive LE-trisection of a single triangle given by its three internal angles. The algorithm
constructs a ternary tree with apex of triangles as nodes. To visualize the generated subtriangles in the geometric diagram,
a plotting function is used. We plot the apex of the triangle using post-order, this is, triangles of the bottom level in the tree
are plotted first.

Fig. 9. Evolution of the triangles by the LE-trisection and max-min angle evolution.
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As a matter of example, Fig. 8(a) and (b) show the points into the geometric diagram and Fig. 8(c) and (d) the evolution of
the maximum and minimum angles obtained by iterative application of the longest-edge bisection. Fig. 9 performs the same
calculations for the LE-trisection. In the geometric diagrams, an initial triangle is selected for refinement and is marked by*.
Each subsequent triangle generated is again plotted in the diagram, resulting so a cloud of round points representing differ-
ent triangle classes.

It should be noted that points as close as desired may be obtained for a sufficiently large number of LE-trisections. This
empirical experiment seems to assert the no existence of a global upper bound of the number of non-similar triangles ob-
tained by LE-trisection. This fact is an important difference with the LE-bisection [12,15].

Algorithm 3.1. FUNCTION TRISECTION (s;r;q, Level)
Input: s,r,q % triangle angles in ascendant order
Input: Level % Tree level of the recursive trisection process
Output: s % Minimum angle of the new generated subtriangle
if Level>0

then

x ¼ tanðsÞ
tanðrÞþtanðsÞ ;

y ¼ tanðsÞ�tanðrÞ
tanðrÞþtanðsÞ ;

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� 1

3 Þ
2 þ y2

q
;

B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� 2

3 Þ
2 þ y2

q
;

C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� 1Þ2 þ y2

q
;

b1 ¼ arccos B2þC2�1
9

2BC

� �
;

b2 ¼ arccos A2þB2�1
9

2AB

� �
;

b3 ¼ q� r1 � r2;
t1 ¼ TRISECTIONðr1; s;p� r1 � s; Level� 1Þ;
t2 ¼ TRISECTIONðr1 þ s;r2;p� r1 � s� r2; Level� 1Þ;
t3 ¼ TRISECTIONðr1 þ sþ r2;r3;r; Level� 1Þ;

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

)

PLOT TRIANGLE ðs;r;qÞ in the Geometric Diagram
return t1;
else

PLOT TRIANGLE ðs;r;qÞ in the Geometric Diagram
return s;

Finally, in order to visually illustrate the non-degeneracy property of the LE-trisection Fig. 10 show for each point of the
geometric diagram the factor of degeneracy, that means the (color) value of the quotient s0

sn
, being s0 the minimum initial

angle and sn the minimum angle after n level of depth into the ternary tree. In the diagram of Fig. 10 we have implemented
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Fig. 10. Values of the quotient s0
sn

for each initial triangle apex.
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a ten-level tree, which means that for any initial triangle has been obtained in the bottom level of the tree 310 ¼ 59049 tri-
angles. It should be noted that the highest value for the factor corresponds to the equilateral triangles as initial triangle, and
its value is � 6:7052025350.

4. Final remarks

Here the non-degeneracy property of the triangular partitions obtained by LE-trisection of triangles has been proved. It
has been shown that if s1 is any interior angle of the three triangles obtained by the LE-trisection of an initial triangle t0 with
smallest interior angle s > 0, then s1 P s=3:1403, with equality only for the case of an equilateral initial triangle. In addition,
experimental evidence of the bound sn P s=6:7052025350 is given, where sn is the minimum interior angle after n iterative
trisections. The reduction factor in the minimum angle, 6:7052025350 is attained again in the case of the equilateral initial
triangle.

However, some open questions arise here. For example, the study of the number of similarly distinct triangles generated
by LE-trisection, the geometry of the points appearing into the geometric diagram by the LE-trisection which will be tackled
in forthcoming papers.
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