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Abstract

In this paper we present lower and upper bounds for the number of equivalence classes ofd-triangles with
additional or Steiner points. We also study the number of possible partitions that may appear by b
a tetrahedron with Steiner points at the midpoints of its edges. This problem arises, for example, when
a 3D triangulation by bisecting the tetrahedra. To begin with, we look at the analogous 2D case, and
1-irregular tetrahedra (tetrahedra with at most one Steiner point on each edge) are classified into equivalen
classes, and each element of the class is subdivided into several non-equivalent bisection-based partitions whic
are also studied. Finally, as an example of the application of refinement and coarsening of 3D bisectio
algorithms, a simulation evolution problem is shown.
 2004 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The number of different 1-irregular cuboids (cuboids with at most one additional point orSteiner
point on each edge) that may appear when meshes are generated using extensions of the modifi
approach has recently been studied by Hitschfeld et al. [3]. Their paper is based on the modifie
approach to the mesh generation problem [16,15]. As is well known, in the modified octree meth
3D domain is enclosed in a cube whose octants are repeatedly refined at their edge midpoints
boundary and internal quantities are sufficiently approximated. The elements are then partition
tetrahedra. In this paper, we present a study of the number of partitions of 1-irregulard-triangles with
Steiner (or additional) points at the midpoint edges. These 1-irregulard-triangles appear when studyin
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Fig. 1. Affine map from an irregular tetrahedron into an equilateral reference tetrahedron.

bisection-based refinement algorithms of triangular meshes in two and three dimensions, and co
be generalized to higher dimensions [6,7]. The use of pre-computed partitions as a method for
the tessellation of any 1-irregular element is relevant when determining the final local triangu
Furthermore, the correct partition is always computed and takes less computational time than a r
algorithm without this pre-computed calculations. Also, once the set of 1-irregular elements ha
obtained, the application of a suitable partition to each 1-irregular element can easily be paralleli

For local adaptive refinement, triangles and tetrahedra have been used and several bisecti
algorithms in two [4,11–14] and three [1,6,7] dimensions have been presented in recent yea
refinement of a triangular mesh can comprise two separate steps: firstly, the subdivision of th
involved in the refinement while conformity is assured, and secondly, the subdivision of the inv
triangles in two dimensions, or triangles and tetrahedra in three dimensions. In this sense, we
that these algorithms are skeleton-based since they work on the hierarchy of thek-skeletons of the
triangulation, the sets ofk-faces fork between 1 andd. It should be noted that, in this way, adjacen
relations are relevant for the first step, and for the second, we must consider the suitable set of
patterns for the triangles (and tetrahedra) in which at least one edge has previously been divide
now on we will refer to the elements in which there is at most one Steiner point on each edg
irregular. Likewise, the elements in which at least one edge has been previously divided will be r
to as non-trivial 1-irregular elements.

As we are mainly interested in the relative positions of Steiner points we consider an
transformation for mapping any given 1-irregular non-equilateral tetrahedron into an equilateral re
tetrahedron as shown in Fig. 1. Therefore, equilateral elements with Steiner points will be referre
1-irregular configurations.

The paper is organized as follows. In Section 2 we provide some basic definitions. In Sec
1-irregulard-triangles and equivalence classes or pattern types are studied. Following this, the nu
partitions of the equivalence classes based on bisection is given. Then, in Section 5, we focus o
8-tetrahedra longest-edge partition. A numerical example showing the utility of bisection-based p
for mesh refinement is given in Section 6, and we finish off with some conclusions in Section 7.

2. Basic definitions

Definition 1. A d-triangle is the notation for a triangle (or simplex) of dimensiond: a 0-triangle is a point
a 1-triangle is a segment, a 2-triangle is a triangle (default) and a 3-triangle is a tetrahedron. Ad-triangle



Á. Plaza et al. / Applied Numerical Mathematics 49 (2004) 415–430 417

o be a

finite

t in an

teral
ss and

ce
f an

formed
egular
hedra of
ivalence

ral non-
mber of
ints are
,7] the
rregular
Fig. 2. Different 1-irregular configurations in tetrahedra.

can be also defined as the closed subsetT ⊂ R
n, 0 � d � n given by the convex linear hull ofd + 1

verticesx1, x2, . . . , xd+1 in R
n:

T = [x1, x2, . . . , xd+1] =
{

x =
d+1∑
i=1

λixi

∣∣∣ d+1∑
i=1

λi = 1; 0� λi � 1, 1 � i � d + 1

}
.

Definition 2. A triangulationT of a bounded setΩ with polygonal boundary is a partition ofΩ into a set
of trianglesT = {t1, t2, . . . , tn} such thatΩ = ⋃n

i=1 ti , int(ti) �= ∅ for all i, int(ti) ∩ int(tj ) = ∅ if i �= j ,
andti ∩ tj if not empty is a common vertex, or a common edge (or in three dimensions it can als
common face).

This last condition is frequently referred to as the conformity condition and is usually required in
element codes.

1-irregular configurations in 3D are said to be the tetrahedra in which at most one Steiner poin
edge appears. The configuration with no Steiner points is called trivial configuration.

In order to consider equivalence classes in the set of 1-irregular configurations ofd-triangles any
1-irregulard-triangle will be transformed firstly by an affine map into a reference 1-irregular equila
d-triangle (see Fig. 1). Following [3] the next definition introduces the concept of equivalence cla
pattern type.

Definition 3. Let c1 andc2 be two 1-irregular configurations,c1 andc2 belong to the same equivalen
class if c1 can be transformed toc2 through rotations or reflections. The representative element o
equivalence class is called pattern type.

Fig. 2 shows several 1-irregular tetrahedra. The 1-irregular tetrahedron of Fig. 2(a) can be trans
into the 1-irregular tetrahedron of Fig. 2(b) by rotating it properly. We say, therefore, that the 1-irr
tetrahedra of Figs. 2(a) and (b) belong to the same equivalence class. The two 1-irregular tetra
Figs. 2(c) and (d), respectively have two bisected edges but they do not belong to the same equ
class.

1-irregular configurations belonging to the same equivalence class are subdivided into seve
equivalent bisection-based partitions. We should note that each pattern type has a bounded nu
possible bisection-based partitions depending on the order in which the edges with Steiner po
taken for bisecting. In some longest-edge refinement algorithms in 2D [4,11–13] and in 3D [1,6
edges are bisected by following the longest edge of each triangular face. Fig. 3 shows a 1-i
triangle where different partitions appear depending on which is the longest edge.
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Fig. 3. The partition of a 1-irregular triangle with 2 Steiner points depends on the length of the bisected edges.

3. 1-irregular triangles and equivalence classes using a bisection based approach

The number of 1-irregular triangles is 23 in 2D, and 26 in 3D. However, the number of equivalen
classes or pattern types is much lower than the total number of 1-irregular configurations as we w
in this section. Some generic dimension study is given here, although we are mainly interested
3 dimensions.

3.1. Theoretical lower bounds

Theorem 4. A d-triangle(d-simplex) hasd +1 vertices and
(
d+1

2

) = (d+1)d

2 edges. In general, a d-triangl
has

(
d+1
k+1

) = (d+1)d(d−1)···(d−k+1)

(k+1)! k-faces, that is, faces of dimensionk.

Theorem 5. Let t be ad-triangle. The number of1-irregular configurations oft is 2(d+1
2 ) = 2

(d+1)d
2 .

Proof. Each edge of thed-triangle may or may not be bisected. Thus, there are two possibilities for
edge (to have one or no Steiner point) and there are 2number-of-edgespossible 1-irregular configurations.
this way, ad-triangle has 2(

d+1
2 ) = 2

(d+1)d
2 1-irregular configurations. �

Corollary 6. The total number of1-irregular configurations is an upper bound of the number
equivalence classes.

Theorem 7. A lower bound for the number of equivalence classes of ad-triangle is max
{(

d+1
2

)
,⌈

2(d+1
2 )−d−log2 (d+1)d

⌉}
.

Proof. Note first that the number of edges in ad-triangle,
(
d+1

2

)
, is a lower bound for the number o

equivalence classes. Following the same argument here as [3] we have to consider that all the
and reflections are useful to identify two configurations under equivalence. Then:

(1) Each reflection divides the set of 1-irregular configurations into two parts. Any reflection which
a regular tetrahedron into itself necessarily takes a cube into itself, but not vice versa [2], see
There ared reflections for ad-dimensional cube and therefore the reduction factor obtainable
reflections is at most 2d .

(2) Using rotations, it is possible to bring any edge to a fixed edge. Furthermore, it is possible to
two orientations. Thus, the reduction factor obtainable through rotations is at mostd(d + 1).
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Fig. 4. Tetrahedron inscribed in cube and possible reflections.

Table 1
Evolution of lower bounds for 1-irregular configurations

d s1 s2 Lower-bound

1 1 1 1
2 3 1 3
3 6 1 6
4 10 4 10
5 15 35 35
6 21 781 781
7 28 3.7449× 104 3.7449× 104

8 36 3.7283× 106 3.7283× 106

9 45 7.6355× 108 7.6355× 108

10 55 3.1986× 1011 3.1986× 1011

In the best case the 1-irregular configurations obtainable using reflections and rotations are
Thus, the reduction factor is at most 2dd(d + 1), and a lower bound for the number of configurations

⌈
2(d+1

2 )

2d · d(d + 1)

⌉
= ⌈

2(d+1
2 )−d−log2 (d+1)d

⌉ � (1)

The evolution of lower bounds proposed by the previous theorem for the first dimensionsd is shown
in Table 1, in whichs1 = (

d+1
2

)
, s2 = �2(d+1

2 )−d−log2 (d+1)d�. Note that for low dimensionss2 is negligible,
but ford � 4, is meaningful.
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Fig. 5. Pattern types in 2D.

3.2. Exhaustively counting in two and in three dimensions

We will now study the number of non-equivalent configurations that appear by means of Steine
midpoints in two and three dimensions.

Theorem 8. The number of non-equivalent configurations or pattern types in2D is 4 (see Fig.5), and
the number of possible configurations is8.

In order to calculate the number of equivalence classes for the 3D case, an algorithm computin
configurations are equivalent is given below. For each possible configuration, it performs all the p
combinations of rotations and reflections. Each 1-irregular configuration is represented by a se
edges with Steiner points, for example,{1,2} means the configuration in which edges 1 and 2 h
Steiner points. Therefore the set of all 1-irregular configurations can be identified with the set of p
{1,2, . . . ,6}.

Algorithm I.

/* Input variable:S, set of all 1-irregular configurations
/* Output variable:Q, set of pattern types
Q = {∅}
While S �= {∅} do

Let si ∈ S

Perform rotations and reflections onsi

Let R(si) be the set of configurations equivalent tosi

through rotations and reflections
S = S − {si ∪ R(si)}
Q = Q ∪ {si}

End While

After applying this algorithm all the pattern types are obtained. This algorithm can be us
automatically generate the corner permutation between any configuration and its pattern type, an
to identify the right partition in O(1).

Table 2 shows the possible rotations for a standard tetrahedron in which edges have been labe
Fig. 6. The first column in the table represents the rotation applied:axisstands for one of the two possib
axes to rotate the tetrahedron, as in Fig. 6, andangle is the involved angle for the rotation in degre
Column two represents the cycles of edges in the rotations, for instance, (16) means that edge 1
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Table 2
Rotations to the standard tetrahedron

rot(axis, angle) Edge permutations

rot(∅, ∅) (1)(2)(3)(4)(5)(6)
rot(axis1, 120◦) (123)(456)
rot(axis2, 240◦) (145)(362)
rot(axis3, 120◦) (256)(143)
rot(axis4, 240◦) (364)(125)
rot(axis1, 240◦) (132)(465)
rot(axis2, 120◦) (154)(326)
rot(axis3, 240◦) (265)(134)
rot(axis4, 120◦) (346)(152)
rot(axis1-6, 180◦) (1)(24)(35)(6)
rot(axis2-4, 180◦) (2)(16)(35)(4)
rot(axis3-5, 180◦) (3)(16)(24)(5)

to edge 6, and vice versa. Since the edges are represented by labels, a simple bits-like operati
shift on the label cycle is performed for the corresponding rotation.

Theorem 9. There are12 equivalence classes of1-irregular configurations in3D.

Proof. It is known that the group of isometries for the tetrahedron has 12 elements,|G| = 12. These
elements are the following: identity, which is denoted as(1)(2)(3)(4)(5)(6); then for each fixed verte
we can consider a rotation of 120◦ or a rotation of 240◦. These rotations, the product of cycles, are deno
as:(1,2,3)(4,5,6), and(1,3,2)(4,6,5), respectively. Considering that there are 3 more vertices to
these rotations, 8 movements are counted.

Finally, a rotation of 180◦ can be considered if the line passing through the midpoints of two opp
edges is taken as the rotation axis. One of these rotations can be denoted as(1)(2,4)(3,5)(6) since the
two opposite edges are invariant under this rotation and the other opposite edges change with
opposite them. There are three pairs of opposite edges so we have 3 of these rotations.

Following Algorithm I, 12 equivalence classes of 1-irregular configurations of tetrahedra are ob
These 12 different configurations are shown in Fig. 7.�
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4. Number of bisection-based partitions for pattern types

We will now give some bounds for the number of possible bisection-based partitions of ad-triangle
with Steiner points. Note that the number of partitions depends not only on the number of Steine
on the midpoint edges of thed-triangle, but also on the order in which the bisected edges are take
successive bisections.

Theorem 10. The number of bisection-based partitions for eachd-triangle is bounded by:

F(d) =
(d+1

2 )∑
k=0

((
d+1

2

)
k

)
· k!.

Proof. As we have noted before, for a particular 1-irregular tetrahedron different partitions c
obtained by taking the edges with Steiner points in a different order. Since the number of different
of k objects isk!, this leads us to a bound in the number of possible partitions of a triangle withk Steiner

points as
((d+1

2 )
k

) · k!, and taking the sum in the indexk we get the formula. �
Note that for dimensiond � 3, F(d) is not too high, but ford � 4, F(d) is extremely high. This is

due to the factork! in the formula. Note that the partitions we are considering are based on bis
and the order of bisection is not always the key to obtaining different partitions. Previous bounds
improved as the following theorem establishes.
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d F(d) G(d)

1 2 2
2 16 12
3 1 957 284
4 9 864 101 21 173
5 3 554 627 472 076 3 999 676
6 138 879 579 704 209 680 022 627 715 222

Theorem 11. The number of bisection based partitions for each d-triangle is bounded by:

G(d) =
(d+1

2 )∑
k=0

((
d+1

2

)
k

)
· min(d, k)!.

Proof. Here we consider that after at mostd bisections of thed-triangle k − d edges remain to b
bisected but all of them are in different sub-triangles, and so the order in which these last edges a
is irrelevant for the number of distinct partitions.�

Table 3 shows the values ofF(d) andG(d) for each dimensiond.

5. The 3-dimensional case: The 8T-LE partition

In three dimensions the number of different possible partitions of tetrahedra based on bisect
been studied by Plaza and Carey in [6] in the context of the skeleton-based refinement (SBR) alg
They obtain 51 different non-trivial partitions. Also in [9] previous bound has been reduced
partitions considering reflections. In Fig. 12 all these non-trivial different partitions of a tetrah
are shown.

The 3D-SBR algorithm generalizes the 4 triangles longest-edge refinement algorithm of Riva
12], to 3 dimensions. The 3D-SBR algorithm uses partitions in eight tetrahedra for those elem
be refined. The following 8-tetrahedra longest-edge partition was introduced and discussed by P
co-authors [5–10].

Definition 12 (The 8-tetrahedra longest-edge(8T-LE) partition). For any tetrahedront the 8T-LE
partition of t is obtained as follows:

(1) Longest edge bisection oft producing tetrahedrat1, t2.
(2) Bisection ofti , for i = 1,2, by the longest edge of the common face ofti with the original tetra-

hedront , producing tetrahedratij , for j = 1,2.
(3) Bisection of eachtij by the midpoint of the unique edge equal to an edge of the original tetrahe

Note that for a local refinement of a 3D triangulation we should consider not only the 8T-LE pa
of a single tetrahedron, but also the set of partial bisection-based divisions of 1-irregular tetrahedra
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partial bisection-based divisions are determined by the longest edges of the faces of the tetrahe
through the suitable identification in equivalence classes by the relative positions of the longest e
the faces.

5.1. Classification of the tetrahedra

Let us consider a generic tetrahedron. We can label edges as in Fig. 1 so that edge 1 is the lon
faces are labelled with the number of the opposite vertex, as always. We assign atype-label, 1, 2, or 3
to each edge of a tetrahedron: the longest edge of a tetrahedron is labelledtype1. Note that this edge i
also the longest edge of two faces (1 and 2) which share this edge. The longest edge of each of
two faces is edgetype2, and the rest of the edges aretype3. Edgetype1 is the reference edge of th
tetrahedron.

Theorem 13. For a tetrahedron there are90possible bisection-based partitions including the no divis

Proof. We should point out that each different possible bisection-based partition obtained by
bisection is fixed by the number and relative position of the nodes introduced at the midpoints
edges. These nodes, out of the midpoint node at the longest edge of the tetrahedron, appear o
and 3. In other words, to know the number of possible bisection-based partitions by bisectio
tetrahedron, we have to know the possible divisions for faces 3 and 4 and add two more: the
bisection and the no bisection cases.

There are only 4 possible divisions of a triangular face if we know the longest edge.A priori for faces 3
and 4, the longest edge can be any of the edges, so there are 3× 4 = 12 different possible divisions fo
each triangular face, and taking into account the no division of faces 3 and 4, we get 13 possi
Faces 3 and 4 share edge 6. If edge 6 is divided, 8 cases can be distinguished, as are shown
Otherwise, if edge 6 has not been divided, 5 cases appear (see Fig. 10). The total number of b
based partitions is shown in the next table:

Edge 6 divided 8× 8 = 64
Edge 6 no divided 5× 5 = 25
No division 1
TOTAL 90

Nevertheless, many of the 90 bisection-based partitions are equivalent through rotation.
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Fig. 10. Five possibilities if edge 6 is not subdivided.

We distinguish three types of tetrahedra based on the relative position of their edge-types. We c
the subdivision of the tetrahedra in order, according to their edge-type: first, the tetrahedron bise
the longest edge, secondly by edges type 2, and so on.

Procedure Classification (t)
If edge 6 has type 3,then

t has type 1
Else if edge 6= longest(face3)= longest(face4)then

t has type 2
Else

t has type 3
End if

Note that the simplest bisection-based partition obtained bylocal refinement is that in which onl
one node is introduced at the midpoint of the longest edge of the tetrahedron. We will deno
configuration as (1).Global refinement of a tetrahedron means that a node has been introduced i
one of its edges. We begin by pointing out the equivalence of the possible configurations that are o
by pure rotation. Let the tetrahedron of Fig. 11 be rotated byπ radians on an axis through the midpoin
of edges 1 and 6. Again we obtain the tetrahedron in canonical position, but the local numera
its edges has changed. If this rotation is denoted byr , the relations between the edges are:r(1) = 1;
r(2) = 4; r(3) = 5; andr(6) = 6.
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Fig. 11. Two equivalent bisection-based partitionsunder rotation.

Table 4
Possible non-trivial bisection-based partitions obtained by tetrahedron subdivision of “na” edges. Integer sequences in bo
indicate distinct bisection-based partitions and # is the number of distinct (bold) bisection-based partitions in each case

na Tet type 1 Tet type 2 Tet type 3 #

1 (1) (1) (1) 1

2 (12) ∼(14) (16) (12)∼(14)
(13)∼(15) (13)∼(15) 3

3 (125)∼(143) (162)∼(164) (125)∼(143)
(134)∼(152) (163)∼(165) (134)∼(152)
(123)∼(145) (126)∼(146)
(124) (136)∼(156)
(135) 9

4 (1236)∼(1456) (1654)∼(1632) (1265)∼(1463)
(1234)∼(1452) (1625)∼(1643) (1364)∼(1562)
(1235)∼(1453) (1624) (1263)∼(1465)
(1356) (1635) (1264)∼(1462)
(1354)∼(1532) (1362)∼(1564)
(1426) (1365)∼(1563)
(1423)∼(1245) 17

5 (12364)∼(14562) (16234)∼(16452) (12653)∼(14635)
(12365)∼(14563) (16235)∼(16453) (12654)∼(14632)
(12345)∼(14523) (13645)∼(15623)
(12463)∼(14265) (13642)∼(15624)
(13524) (12634)∼(14652)
(13562)∼(15364) (13625)∼(15643)
(14235) 15

6 (123456)∼(145236) (162345) (126345)∼(146523)
(124356) (136245)∼(156423)
(135246) 6

# 25 10 16 51
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to type 3. For instance, the bisection-based partition of Fig. 11(a) is represented as(1623) since it is
characterized by midpoint nodes of edges 1, 6, 2 and 3. (Here edge 6 is type 2, since it is the s
the sequence, and as it is opposite to the reference edge (1), the tetrahedron type 2 in which 4 n
added). For comparison, the bisection-based partition(1645) is shown in Fig. 11(b).

Let ISbe the following set:IS= {σ , such thatσ = (i1, . . . , ik), wherek � 6, ij ∈ 1,2, . . . ,6, i1 = 1 and
in �= im if n �= m}. For a given rotationr and forσ = (i1, . . . , ik) ∈ IS, we definer(σ ) = (r(i1), . . . , r(ik)).

For the sequences inIS of the same length we define an equivalence relation in this way:

(1) if r(σ1) = σ2, thenσ1 ∼ σ2;
(2) if σ1 = σ2 except for the order of edges with the same type, thenσ1 ∼ σ2.

Applying the equivalence relations given is sufficient so that all the possible bisection-based pa
are non-equivalent under rotations.

Theorem 14 [6,7]. There are51 different non-trivial possible bisection-based partitions, throu
rotations.

Theorem 15 [9]. There are exactly30 different patterns(invariant under rotation, and reflection)
associated with the partition of a tetrahedron.

The 30 different patterns are shown in Fig. 12.

6. Numerical example

Here we present the simulation of a 3D singularity propagation problem by refining and coarse
L-shaped domain using the 8T-LE partition. As the front moves across the domain, the tetrahed
is adaptively refined in the zone the front is invading, and derefined in the zone the front is vacati

In Fig. 13 we show the Log of the number of tetrahedra vs. the number of refinements
derefinement algorithm assures that the number of tetrahedra—and nodes—remains bounded th
the entire process. Fig. 14 shows the evolution of meshes for this evolution problem. Only some
most relevant refined meshes are shown in the figure. The combination refinement/derefinemen
us to obtain a very small refined zone and allows this refined area to change as the front moves.

7. Conclusions

The number of possible partitions that may appear by bisecting a tetrahedron with Steiner
at the midpoints of the edges has been studied. This problem is of greatest interest when re
3D tetrahedral triangulation by bisection. 1-irregular tetrahedra can be handled using a hash ta
therefore the refined triangulation can always be found in constant time. Moreover, some bounds
problem in general dimensiond have been provided here.
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Fig. 12. The 30 non-equivalent non-trivial bisection-based partitions of a tetrahedron.
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Fig. 13. Evolution of tetrahedra versus number of refinements.

Fig. 14. Simulation example in 3D dimensions of a punctual moving front.
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The use of pre-computed partitions as a method for finding the tessellation of any 1-irregular element,
which can be independent of the algorithm used to generate them, should be preferred over other methods,

kes less
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because it is a robust method. In addition to this, it always computes the correct partition and ta
computational time than a real time algorithm.
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