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Abstract

The 3-dimensional k-Fibonacci spirals are studied from a geometric point of view. These curves appear naturally
from studying the k-Fibonacci numbers fF k;ng1n¼0 and the related hyperbolic k-Fibonacci functions. In this paper, after
a summary of the main properties for the k-Fibonacci numbers, we focus on the geometry features (curvature and tor-
sion) of the 3-dimensional k-Fibonacci spirals. Finally, the Metallic Shofars and their projections on the coordinate
planes are also given.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

One of the most celebrated and ubiquitous integer sequences is the Fibonacci sequence. The Fibonacci sequence is
fF ng ¼ f0; 1; 1; 2; 3; 5; . . .g wherein each term is the sum of the two preceding terms, beginning with the values F 0 ¼ 0,
and F 1 ¼ 1. Particularly, Fibonacci numbers and the related Golden Mean, or Golden Section, / ¼ 1þ

ffiffi
5
p

2
, appear very

often in theoretical physics [1–7] and physics of the high energy particles [8–11].
When we were studying some geometric properties of the well-known four-triangle longest-edge (4TLE) partition

[12], we found two complex valued functions fRðzÞ ¼ 1
�zþ2

and f LðzÞ ¼ 1
�zþ1

which naturally inspired us to define a gen-

eralization of the classical Fibonacci sequence [13,14] in Definition 1.

The associated matrices to functions fR and fL are, respectively R ¼ 0 1
�1 2

� �
, and L ¼ 0 1

1 1

� �
. The composition

of two of such functions has as associated matrix the product of the matrices associated to the two initial transforma-
tions, and, hence, any particular combination of transformations fR and fL is determined by the product of the corre-
sponding matrices in the same order.

Let us find the product Rk�1L associated to the composition f k�1
R � fL which will be used bellow. It is easy to prove

that
0960-0
doi:10.

* Co
E-m
Rk�1 ¼
�k þ 2 k � 1

�k þ 1 k

� �
for k P 1
and so
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Rk�1 � L ¼
�k þ 2 k � 1

�k þ 1 k

� �
�

0 1

1 1

� �
¼

k � 1 1

k 1

� �
Definition 1. For any integer number k P 1, the k-Fibonacci sequence, say fF k;ngn2N is defined recurrently by:
F k;0 ¼ 0; F k;1 ¼ 1; and F k;nþ1 ¼ kF k;n þ F k;n�1 for n P 1
Particular cases of the previous definition are:

• If k ¼ 1, the classical Fibonacci sequence is obtained:
F 0 ¼ 0; F 1 ¼ 1, and F nþ1 ¼ F n þ F n�1 for n P 1:
fF ngn2N ¼ f0; 1; 1; 2; 3; 5; 8; . . .g

• If k ¼ 2, the Pell sequence appears:
P 0 ¼ 0; P 1 ¼ 1, and P nþ1 ¼ 2P n þ P n�1 for n P 1:
fP ngn2N ¼ f0; 1; 2; 5; 12; 29; 70; . . .g

The relation between matrix ðRk�1 � LÞ and the k-Fibonacci sequence is given by the following proposition.

Proposition 2. For any integer n P 1 holds:
ðRk�1 � LÞn ¼
F k;nþ1 � F k;n F k;n

F k;nþ1 � F k;n�1 F k;n þ F k;n�1

� �
In [14], the following properties are proven.

Proposition 3. (Sum of the first n k-Fibonacci numbers)
Xn

i¼0

F k;i ¼
1

k
ðF k;nþ1 þ F k;n � 1Þ
• Sum of the first n even k-Fibonacci numbers:
Pn

i¼0F k;2i ¼ 1
k ðF k;2nþ1 � 1Þ
• Sum of the first n odd k-Fibonacci numbers:
Pn

i¼0F k;2iþ1 ¼ 1
k F k;2nþ2

• Sum of the first n k-Fibonacci numbers of order 4iþ 1:
Pn

i¼0F k;4iþ1 ¼ 1
k F k;2nþ1F k;2nþ2
Proposition 4 (Livio’s formula [15]). For each not-vanishing real number p:
Xn

j¼0

F k;j

pj
¼ �p

p2 � kp � 1

1

pnþ1
ðpF k;nþ1 þ F k;nÞ � 1

� �
• For each real number p, such that p > kþ
ffiffiffiffiffiffiffi
k2þ4
p

2
and by taking limits in Livio’s formula: limn!1

Pn
j¼0

F k;j

pj ¼ p
p2�kp�1

, and
f ðxÞ ¼ x
x2�kx�1

is the generating function of the k-Fibonacci sequence fF k;ng ¼ f0; 1 ¼ F k;1; F k;2; . . .g.
Proposition 5 (Convolution product).
F k;nþm ¼ F k;nþ1F k;m þ F k;nF k;m�1
• If k ¼ 1, for the classical Fibonacci sequence is obtained: F nþm ¼ F nþ1F m þ F nF m�1 (Honsberger’s formula [15]).

• Even terms (if m ¼ n):
F k;2n ¼
1

k
ðF 2

k;nþ1 � F 2
k;n�1Þ
• Odd terms (if m ¼ nþ 1):
F k;2nþ1 ¼ F 2
k;nþ1 þ F 2

k;n
• Multiple of 3 terms (if m ¼ 2n):
F k;3n ¼
1

k
ðF 3

k;nþ1 þ kF 3
k;n � F 3

k;n�1Þ
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• Multiple of 4 terms (if m ¼ 3n):
F k;4n ¼
1

k
ðF 4

k;nþ1 þ 2k2F 4
k;n � F 4

k;n�1Þ þ 4F 3
k;nF k;n�1
In [16,17], other approaches to the k-Fibonacci numbers have been presented. They are summarized in the sequel.

Proposition 6. (Binet’s formula) The n-th k-Fibonacci number is given by:
F k;n ¼
rn

1 � rn
2

r1 � r2
where r1, r2 are the roots of the characteristic equation r2 � kr � 1 ¼ 0.

Proposition 7. (A second formula for obtaining the general term of the k-Fibonacci numbers)
F k;n ¼
1

2n�1

Xn�1
2b c

i¼0

n

2iþ 1

� �
kn�1�2iðk2 þ 4Þi
where bac is the floor function of a, that is bac ¼ supfn 2 N jn 6 ag and says the integer part of a, for a P 0.

Proposition 8. (Limit of the quotient of two consecutive terms)
lim
n!1

F k;n

F k;n�1

¼ rk ;
where rk ¼ kþ
ffiffiffiffiffiffiffi
k2þ4
p

2
is known as k-th metallic ratio.

Proposition 9. (A third formula for obtaining the general term of the k-Fibonacci sequence)
F k;n ¼
Xn�1

2b c

i¼0

n� 1� i

i

� �
kn�1�2i; for n P 1
Proposition 10. (Catalan’s identity)
F k;n�rF k;nþr � F 2
k;n ¼ ð�1Þnþ1�rF 2

k;r
Proposition 11. (Cassini’s or Simson’s identity) (see [18] for the classical Fibonacci)
F k;n�1F k;nþ1 � F 2
k;n ¼ ð�1Þn
Proposition 12. (d’Ocagne’s identity) If m > n, then:
F k;mF k;nþ1 � F k;mþ1F k;n ¼ ð�1ÞnF k;m�n
On the other hand, in [16] both the hyperbolic k-Fibonacci sine and cosine have been defined as:
sF khðxÞ ¼ rx
k � r�x

k

rk þ r�1
k

cF khðxÞ ¼ rx
k þ r�x

k

rk þ r�1
k

where rk is the positive root of the characteristic equation of the k-Fibonacci sequence with rk þ r�1
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4

p
. These

functions are related with the classical hyperbolic sine and cosine by the following identities:
sF khðxÞ ¼ 2

rk þ r�1
k

sinhðx ln rkÞ

cF khðxÞ ¼ 2

rk þ r�1
k

coshðx ln rkÞ
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and they verify analogous properties and identities that the k-Fibonacci numbers. We refer the reader to [16] for these
identities and their proofs. Also the quasi-sine k-Fibonacci function is defined as follows.

Definition 13. [16,19] The quasi-sine k-Fibonacci function is defined by
FFkðxÞ ¼
rx � cosðpxÞr�x

rþ r�1
where r is the positive characteristic root.

Notice that FFkðnÞ ¼ F k;n for all integer n.
There are several identities for these quasi-sine k-Fibonacci functions which are versions of analogous identities of

the k-Fibonacci numbers [17]. For example, Catalan’s identity, Simson’s identity, asymptotic quotient, etc.
Finally, in [17] the 3-dimensional k-Fibonacci spiral is introduced as follows.

Definition 14. The following complex valued function is called the 3-dimensional k-Fibonacci spiral:
CFFkðxÞ ¼
rx � cosðpxÞr�x

rþ r�1
þ i

sinðpxÞr�x

rþ r�1
:

Function CFFkðxÞ can be written also as CFFkðxÞ ¼ rxþie
ip 1

2
�xð Þr�x

rþr�1 .

It should be noted that, like the k-Fibonacci hyperbolic functions and also the quasi-sine k-Fibonacci functions,
these 3-dimensional k-Fibonacci spirals verify many properties and identities as the k-Fibonacci numbers, but these
relations are not the focus of our present work.

Instead we are interested here in a geometrical study of the following 3-dimensional curves of parametric equations:
x ¼ t

y ¼ rt�cosðptÞr�t

rþr�1

z ¼ sinðptÞr�t

rþr�1

8><
>:

9>=
>;
Notice that in this equation y ¼ ReðCFFkðtÞÞ while z ¼ ImðCFFkðtÞÞ, and therefore, these curves will also be called 3-
dimensional k-Fibonacci spirals.
2. Geometric study of the 3-dimensional k-Fibonacci spirals

2.1. Curvature and torsion and of some basic spirals

Let C be a curve into the 3-dimensional Euclidean space. C may be defined by its position vector

~rðtÞ ¼ ðxðtÞ; yðtÞ; zðtÞÞ. As it is well-known the curvature of curve C is defined by the formula j ¼ j~r0 ~̂r00 jj~r0 j3 , where

j~r0 ^~r00j is for the module of the cross-product. Therefore, an arc of a curve is said to be of null curvature if its points
are in the same straight line. In other case, the curvature is not null.

Torsion is defined by the expression s ¼ ½~r0 ;~r00 ;~r000 �j~r0 ~̂r00 j2 , where ½~r0;~r00;~r000� indicates the scalar triple product. It is said that a

curve arc is of zero torsion if their point are on the same plane. For a given curve, the torsion indicates how far away the
curve is from a plane.

In this section, we focus on the curvature and the torsion of the 3-dimensional k-Fibonacci spirals. Before to tackle
this issue, let us recall the easiest examples of spirals.

The simplest 3-dimensional spiral is a circular or cylindric spiral, also known as circular helix. A circular helix is a
curve for which the tangent makes a constant angle with a fixed line. The shortest path between two points on a cylinder
(one not directly above the other) is a fractional turn of a circular helix, as it can be seen by cutting the cylinder along
one of its sides, flattening it out. The double helix shape is commonly associated with DNA, since the double helix is the
structure of DNA. This fact was published for the first time by James D. Watson and Francis Crick in 1953 [20]. They
constructed a molecular model of DNA in which there were two complementary, antiparallel (side-by-side in opposite
directions) strands of the bases guanine, adenine, thymine, and cytosine, covalently linked through phosphodiester
bonds. Each strand forms a helix, and the two helices are held together through hydrogen bonds, ionic forces, hydro-
phobic interactions, and van der Waals forces forming a double helix.
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The circular helix is a 3-dimensional curve with parametric equations:
x ¼ r cos t

y ¼ r sin t

z ¼ pt

8><
>:

9>=
>;
in which t represents the intersection angle with the generation axis, r is the radius of the cylinder and 2pp is a constant
giving the vertical separation of the helix’s loops, also known as thread. See Fig. 1.

By applying the preceding formulas, we can find that the curvature of the helix is given by j ¼ r
r2þp2, while the torsion

is s ¼ p
r2þp2, and therefore j

s ¼ r
p, which is a constant. In fact, Lancret’s theorem states that a curve is a helix if and only if

the ratio of curvature to torsion is constant [21,22].
Let us go now to a spatial curve more complicated than the circular helix and for which both curvature and torsion

are not constant. A conical spiral is the spacial curve cutting the generatrices of a right cone at constant angle. Its para-
metric equations are:
x ¼ r t cos t

y ¼ r t sin t

z ¼ p t

8><
>:

9>=
>;
where t is the angle of rotation.
For r ¼ p ¼ 1 the curvature of the conical spiral is variable and equal to jðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t4þ5t2þ8
ðt2þ2Þ3

q
. For values of parameter t

between �5 and 5, the points of coordinates ðt; jðtÞÞ follow a curve similar to the Agnesi curve, achieving its maximum
value at t ¼ 0. See Fig. 2a.

The torsion of this conical spiral is given by the formula sðtÞ ¼ t2þ6
t4þ5t2þ8

, which presents a similar shape that the cur-
vature, but with a maximum value of 3

4
at t ¼ 0. See Fig. 2b. In any case, it should be noted that both the curvature and

the torsion of a conical spiral presents a smooth behavior for all values in ð�1;þ1Þ.
From now on, we focus on the 3-dimensional k-Fibonacci spirals. We shall show that the behavior of both curvature

and torsion is much more complex than the cylindrical or conical spirals. In the 3-dimensional k-Fibonacci spirals the
curvature as well as the torsion are continuous functions not only of argument x but also of parameter k.
Fig. 1. Circular spiral or circular helix (left) and a conical spiral (right).
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Fig. 2. Curvature function and torsion function for a conical spiral with r ¼ k ¼ 1.



Fig. 3. The 3-dimensional k-Fibonacci spiral, for k ¼ 1.
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2.2. Curvature of the 3-dimensional k-Fibonacci spiral

Let us consider the 3-dimensional k-Fibonacci spiral with vector equation:
~r ¼ x;
rx � cosðpxÞr�x

rþ r�1
;
sinðpxÞr�x

rþ r�1

� �
where r ¼ kþ
ffiffiffiffiffiffiffi
k2þ4
p

2
. See [19]. The graphics of these spirals are of the same shape, and therefore, we show the 3-dimen-

sional 1-Fibonacci spiral in Fig. 3.
By using MATHEMATICA � the curvature can be calculated, since jðx; kÞ ¼ Aðx;kÞ

Bðx;kÞ, where
Aðx; kÞ ¼ 1

r2r2x

r2r2xð2p cosðpxÞ ln rþ ðp2 � ln2rÞ sinðpxÞÞ2þ
þr2r2xðcosðpxÞðp2 � ln2rÞ þ ln rðr2x ln r� 2p sinðpxÞÞÞ2þ
þðpðp2 þ ln2rÞ þ r2x ln rð3p cosðpxÞ ln rþ p2 � 2ln2rÞ sinðpxÞÞ

0
B@

1
CA

1
2

Bðx; kÞ ¼ ðr
2 þ r2xln2rþ r�2xðp2 þ ln2rÞ þ 2 ln rðcosðpxÞ ln rþ p sinðpxÞÞÞ

3
2

r3
and the graphics of these functions for several values of parameter k are shown in Fig. 4. After studying the curvature
function for many values of k it can be said these functions present a unique maximum for x < 0 close to the origin,
while for x > 0 they show another maximum. Table 1 gives the maximum values and the point in which these maximum
are obtained. The absolute maximum for y ¼ jðx; kÞ is achieved for k ¼ 1 at x ¼ 1:475 meanwhile for any other integer
value of k the maximum is presented at negative values of x.

The general behavior of the torsion function for the 3-dimensional k-Fibonacci spirals is quite similar for different
values of k 2 N , with the exception of the case k ¼ 1, as we will show bellow.

2.3. Torsion of the 3-dimensional k-Fibonacci spiral

Torsion of the 3-dimensional k-Fibonacci spiral is given by sðx; kÞ ¼ Cðx;kÞ
Dðx;kÞ, where
Cðx; kÞ ¼ 2r2r2xð�pðp2 þ t2Þ2 � r2xt2ðp cosðpxÞðp2 � 5t2Þ þ 2tð�p2 þ t2Þ sinðpxÞÞÞ
Dðx; kÞ ¼ 2r2r6xt4 þ 2p2ðp2 þ t2Þ2 þ 2r2xðp2 þ t2Þ

� ½r2ðp2 þ t2Þ þ 2pt½3p cosðpxÞt þ ðp2 � 2t2Þ sinðpxÞ�� � r4xt2

� 4r2 cosðpxÞð�p2 þ t2Þ � ðp2 þ t2Þðp2 þ 4t2Þ þ cosð2pxÞ
�ðp4 � 13p2t2 þ 4t4Þ þ 2pt½4r2 sinðpxÞ � 3ðp2 � 2t2Þ sinð2pxÞ�

� �
where t ¼ ln r. Again, by using MATHEMATICA � we draw the torsion functions for different values of parameter k and
the graphics are shown in Fig. 5.

Torsion curve does not present any relative maximum for x < 0, but, in exchange there are an infinite number of
maximum for positive x, as Table 2 shows. It should be noted that Table 2 only shows the closest maximum to the



-4 -2 2 4

0.5

1

1.5

2

(x,1)y κ=

-4 -2 2 4

0.25

0.5

0.75

1

1.25

1.5

1.75

(x,2)y κ=

-4 -3 -2 -1 1 2 3

0.25

0.5

0.75

1

1.25

1.5

1.75
(x,3)y κ=

-4 -3 -2 -1 1 2 3

0.5

1

1.5

2

(x,4)y κ=

-4 -3 -2 -1 1 2 3

0.5

1

1.5

2

(x,5)y κ=

Fig. 4. Curvature functions y ¼ jðx; kÞ for k ¼ 1–5.

Table 1
Maximum values of curvature y ¼ jðx; kÞ for different values of k

k ðx < 0;maxÞ ðx > 0;maxÞ
1 ð�0:325; 1:6028Þ ð1:475; 2:1278Þ
2 ð�0:290; 1:7637Þ ð1:320; 0:9808Þ
3 ð�0:280; 1:8805Þ ð1:170; 0:5146Þ
4 ð�0:285; 1:9540Þ ð1:040; 0:4239Þ
5 ð�0:290; 1:9966Þ ð0:930; 0:4259Þ
6 ð�0:300; 2:0196Þ ð0:84; 0:4600Þ
7 ð�0:315; 2:0311Þ ð0:775; 0:5068Þ
8 ð�0:325; 2:0361Þ ð0:725; 0:5582Þ
9 ð�0:340; 2:0377Þ ð0:690; 0:6100Þ
10 ð�0:350; 2:0377Þ ð0:665; 0:6603Þ
15 ð�0:410; 2:0382Þ ð0:600; 0:8719Þ
20 ð�0:445; 2:0506Þ ð0:575; 1:0255Þ
25 ð�0:470; 2:0700Þ ð0:57; 1:1410Þ
100 ð�0:580; 2:3455Þ ð0:600; 1:7609Þ
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origin, but, there are infinite maximums for x bigger enough. For instance, for k ¼ 1 there is a maximum at x ¼ 130:71,
with value 3:17� 10�53, while for k ¼ 3 there is another maximum at x ¼ 130:35 with value 1:315� 10�134, and finally,
for example, for k ¼ 5 there is a maximum at x ¼ 100:18 with value 6:8� 10�143.
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Fig. 5. Torsion functions sðx; kÞ for k ¼ 1–5.

Table 2
Maximum values of torsion y ¼ sðx; kÞ for different values of k

k

1 ð0:1;�0:969Þ ð2:42;�1:237Þ ð3:47;�1:740Þ ð4:85; 2:208Þ ð6:76; 0:22Þ
2 ð0:21;�1:077Þ ð2:62; 0:505Þ ð4:51; 0:015Þ ð6:5; 0:0005Þ ð8:5; 10�5Þ
3 ð0:37;�1:062Þ ð2:38; 0:087Þ ð4:35; 0:0007Þ ð6:35; 6� 10�6Þ ð8:4; 5� 10�8Þ
4 ð0:68; 13:507Þ ð2:26; 0:027Þ ð4:25; 8� 10�5Þ 6:25; 2:6� 10�5Þ � � �
5 ð0:6; 6:373Þ ð2:18; 0:011Þ ð4:18; 1:5� 10�5Þ � � �
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Some remarks are in order for the case k integer:

• Torsion curves sðx; kÞ show an infinite number of maximum for x > 0.
• If k ¼ 1, the first three maximum values are negative and less than the preceding one, while for k ¼ 2 and k ¼ 3 only

the first maximum is negative, and the rest of them are positive.
• For k > 3 all the maximums are positive.
3. The Metallic Shofars

Real and imaginary parts of the 3-dimensional k-Fibonacci spiral are, respectively,
ReðCFFkðxÞÞ ¼ rx�cosðpxÞr�x

rþr�1 ¼ yðxÞ, ImðCFFkðxÞÞ ¼ sinðpxÞr�x

rþr�1 ¼ zðxÞ. By considering ReðCFFkðxÞÞ as function yðxÞ, and
ImðCFFkðxÞÞ as function zðxÞ, then Y-axis can be seen as real axis, and Z-axis as imaginary axis. Therefore, we can write
the following system of equations:



Fig. 6. The Golden Shofar and its projections on the coordinate planes.
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yðxÞ � rx

rþr�1 ¼ � cosðpxÞr�x

rþr�1

zðxÞ ¼ sinðpxÞr�x

rþr�1

( )
By summing up the squares of previous expressions and considering y and z as independent variables the following
equation is obtained:
y � rx

rþ r�1

� �2

þ z2 ¼ r�x

rþ r�1

� �2

ð1Þ
This equation corresponds to a surface which have been called Metallic Shofar [17]. The graphics of the Metallic Shof-
ars are similar to each other. Note that in the case k ¼ 1 we obtain the Golden Shofar [23] with equation

y � sxffiffi
5
p

� �2

þ z2 ¼ 1
5s2x, where s is the Golden Ratio. The shape of the Golden Shofar, and its projections on the coordi-

nate planes, are shown in Fig. 6.

For the case k ¼ 2 the Silver Shofar with equation y � uxffiffi
8
p

� �2

þ z2 ¼ 1
8u2x is obtained, where u ¼ 1þ

ffiffiffi
2
p

is the Silver

Ratio. Finally, for k ¼ 3 results the Bronze Shofar with equation y � wxffiffiffiffi
13
p

� �2

þ z2 ¼ 1
13w2x, where w ¼ 3þ

ffiffiffiffi
13
p

2
is the Bronze

Ratio [24]. Fig. 7 shows the Metallic Shofars for k ¼ 2 and 3.
By construction of the Metallic Shofars it is deduced that the 3-dimensional k-Fibonacci spiral lives into the corre-

sponding Metallic Shofar.
By doing first zðxÞ ¼ 0, then yðxÞ ¼ 0, and finally x ¼ 0 into Eq. (1) the projection of the Metallic Shofar on the

respective coordinate plane is obtained as follows.

(a) The projection on plane XOY, ðzðxÞ ¼ 0Þ results into the regions limited by the curves with equations
yðxÞ ¼ rxþr�x

rþr�1 and yðxÞ ¼ rx�r�x

rþr�1 , which are respectively, the so-called hyperbolic k-Fibonacci sine and cosine as
defined in [17]. This projection is shown in Fig. 8. The upper curve corresponds to the hyperbolic k-Fibonacci
cosine, the lower curve is for the hyperbolic k-Fibonacci sine, and the interior curve is the projection of the
respective 3-dimensional k-Fibonacci spiral. Also note that the symmetry axis (or medial axis) of this projected
region is the exponential curve yðxÞ ¼ rx

rþr�1 and it is shown in Fig. 9.
(b) The projection on plane XOZ, ðy ¼ 0Þ results into the region limited by the exponential curves with equations

zðxÞ ¼ r�x

rþr�1 and zðxÞ ¼ � r�x

rþr�1. This projection is shown in Fig. 10. The interior curve is the projection of the
respective 3-dimensional k-Fibonacci spiral, and this projected curve has equation zðxÞ ¼ sinðpxÞr�x

rþr�1 . Note that
the symmetry axis is the Z-axis.

(c) Finally, every plane parallel to plane YOZ cuts the Metallic Shofar in a circle centered at 0; rx

rþr�1

� �
and with

radius r ¼ rx

rþr�1.



Fig. 7. The Metallic Shofars.
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Fig. 8. Projection of a Metallic Shofar along with the corresponding 3-D Fibonacci spiral over the XOY coordinate plane.
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Fig. 9. Medial axis of the projection of a Metallic Shofar over the XOY coordinate plane.
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Fig. 10. Projection of a Metallic Shofar along with the corresponding 3-D Fibonacci spiral over the XOZ coordinate plane.
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The relation between the 3-dimensional k-Fibonacci spiral and the hyperbolic k-Fibonacci functions sine and cosine
is obtained as follows. From Eq. (1) we get
z2 ¼ r�x

rþ r�1

� �2

� y � rx

rþ r�1

� �2
And, therefore,
z2 ¼ r�x

rþ r�1
� y � rx

rþ r�1

� �� �
� r�x

rþ r�1
þ y � rx

rþ r�1

� �� �
So, z2 ¼ ðcF khðxÞ � yÞ � ðy � sF khðxÞÞ.
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