“Strange as it might seem, any set, for instance R?, can be
topologically wrapped inside a unit ball.”

A Triangle Inequality
and its Elementary Proof
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ne of the most surprising facts in a first course of cal-
O culus and analysis is that the concept of ‘distance’ is
unambiguous in mathematics. In fact, given a set S, a
distance function (or metric) d is any positive function defined
over pairs of elements of S, such that, for every two elements
x,y € S,d(x, y) is a nonnegative real number (positivity) that
satisfies:
1. Reflexivity: d(x,y) =0 if and only if x =y,
2. Symmetry: d(x,y) =d(y, x),
3. The triangle inequality: d(x,y) <d(x, z) + d(z,y).
A commonly proposed problem is to verify that a given
function is a distance over some set. For such a problem, usu-

ally the key point is to assess whether the triangle inequality
holds:

Example: Prove that if d(x, y) is a distance, then

* _d(x,y)
dxy)= 1+ d(x, )

is also a distance.

It is immediately clear that d* satisfies positivity,
reflexivity, and symmetry. The triangle inequality for d" is a
consequence of the following property:

Property: Let a, b, c be positive numbers such thata < b + c.
Then

a b c
< + .
l1+a 1+b l+c

Proof: The property is proved based on a more general fact:
If a,b and x are three positive numbers and a < b, then
a b

<—.
x+b

x+a

Although the proof is not difficult, a proof without words is
given in Figure 1.
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Figure 1. A visual explanation for < .
x+a x+b

Now, for x =1, and since a < b + ¢ < b + ¢ + bc, we obtain:

a b+c b+c+bc

l+a 1+b+c 1+b+c+bc’
But,
b+c+bc b+c+2bc  b+bctct+bc b + c
l+b+c+bc l+b+c+bec (+b)(1+c) 1+b l+c
Therefore,

a b c
< + .
l1+a 1+b 1+c

Remark: Notice that in the same set, different distance
functions may be defined. For example, the distance in this
example

« __dxy)
) = )

makes S a bounded set, since for every pair of points

d(x,y) <1

0<d'(xy)= 1+d(x,y)

Thus, under this metric, the distance between any two
points of S is less than one. Consequently, strange as it might
seem, any set, for instance R?, can be topologically wrapped
inside a unit ball. [ ]



	Article Contents
	p. 30

	Issue Table of Contents
	Math Horizons, Vol. 15, No. 4 (April 2008), pp. 3-36
	Front Matter
	Correction: Old School Graphics [pp. 4-4]
	Radiology Paging a Good Mathematician: Why Math Can Contribute More to Medicine Than You Might Think [pp. 5-9]
	Mathematical Penmanship [pp. 10-11, 31]
	Optimal Soaring: What Is the Best Speed to Fly? [pp. 12-15]
	The Most Marvelous Theorem in Mathematics [pp. 16-17]
	Double Bubble Experiments in the Three-Torus [pp. 18-21]
	Going to Meetings [pp. 22-23]
	Book Reviews
	Topology and Ambiguity
	A First Course in Topology [pp. 24-24]
	How Mathematicians Think: Using Ambiguity, Contradiction, and Paradox to Create Mathematics [pp. 24-25]


	The Harvard College Mathematics Review: A New Undergraduate Expository Journal [pp. 26-27]
	Alumni Profiles
	Saint Michael's College [pp. 28-29]

	A Triangle Inequality and its Elementary Proof [pp. 30-30]
	Problem Section [pp. 32-34]
	Back Matter





