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Letg(n) = F2 + F2,, + F2,, forn > 0. For everyn > 2, show that
[4g(n+2) — Tg(n+ 1) — 9¢g(n)] /4 is a product of two consecutive Fibonacci numbers.

Solution. We shall prove that

(1) [49(n +2) = Tg(n+1) = 9g(n)] /4 = Fy2F,

Since F(n) = (a" — ")/V/5, wherea = (1 ++/5)/2, 3 = (1 —/5)/2, F(n)? =
(a®™ + 3?" — 2(—1)")/5 and therefore

( ) &2n + a2n+2 + a2n+4 + ﬁQn + ﬁ2n+2 + B2n+4 _ 2(_1>n _ 2(_1)n+1 _ 2(_1)n+2
gn) =
)

4&271—&-2 + 4ﬁ2n+2 _ 2(_1)n
)

where we have used that = o + 1 and therefore* + a2+ 1= (a+1)2+a?+1 =
2(a? + a+ 1) = 402, and alsg3* + 5% + 1 = 442,

Then the left-hand side of Equation (D S, verifies
5.LHS = 4a2n+6+4ﬁ2n+6_2(_1)n

_7a2n+4 _ 7ﬁ2n+4 + ;(_1)n+1
_9a2n+2 . 962114—2 4 g(_l)n-‘rQ

= 4Lopi6 — TLonys — 9Lonss — (—1)"

Applying the recurrence formula, ., = L, + L,_; several times it is obtained
5 . LHS == Lgnfg - (-1)“

And since5F, Fy, = Ly — (=1L, form = n— 1 andk = n — 2, we get
5-LHS =5F,_»F,_;. ]



