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Let g(n) = F 2
n

+ F 2
n+1 + F 2

n+2 for n ≥ 0. For everyn ≥ 2, show that
[4g(n + 2) − 7g(n + 1) − 9g(n)] /4 is a product of two consecutive Fibonacci numbers.

Solution. We shall prove that

(1) [4g(n + 2) − 7g(n + 1) − 9g(n)] /4 = Fn−2Fn−1

SinceF (n) = (αn − βn)/
√

5, whereα = (1 +
√

5)/2, β = (1 −
√

5)/2, F (n)2 =
(α2n + β2n − 2(−1)n)/5 and therefore

g(n) =
α2n + α2n+2 + α2n+4 + β2n + β2n+2 + β2n+4 − 2(−1)n − 2(−1)n+1 − 2(−1)n+2

5

=
4α2n+2 + 4β2n+2 − 2(−1)n

5

where we have used thatα2 = α + 1 and thereforeα4 + α2 + 1 = (α + 1)2 + α2 + 1 =
2(α2 + α + 1) = 4α2, and alsoβ4 + β2 + 1 = 4β2.

Then the left-hand side of Equation (1),LHS, verifies

5 · LHS = 4α2n+6 + 4β2n+6 − 2(−1)n

−7α2n+4 − 7β2n+4 +
7

2
(−1)n+1

−9α2n+2 − 9β2n+2 +
9

2
(−1)n+2

= 4L2n+6 − 7L2n+4 − 9L2n+2 − (−1)n

Applying the recurrence formulaLr+1 = Lr + Lr−1 several times it is obtained

5 · LHS = L2n−3 − (−1)n

And since5FmFk = Lm+k − (−1)kLm−k, for m = n − 1 and k = n − 2, we get
5 · LHS = 5Fn−2Fn−1. �


