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Problem# H-668 Proposed by A. Cusumano, Great Neck, NY
For eacht > 2, let (F,W) . be thekth order linear recurrence given by

F® = ZFT(Lil’ foralln > 1,

with F(k) =1forn=1,...,k. Prove the following:
(@) Ry = lim 7k 1/F (k) exists for allk > 1.
(b) hm Rk = 2

(C) hm (Rk:Jrl Rk) / (Rk+2 — RkJrl) = 2.

Solution. We use the following representation of théh k-generalized Fibonacci number [1, The-
orem 1]:

o

F(k) _ n—1
" 2+ (k+1)(—2) "
forai,...,a; theroots ofet? — zF~1 — ... —1 =
Moreover, equation” — z¥=! — ... — 1 = 0 has just one root such thata| > 1, and the
other roots are strictly inside the unit circle [1]. Therefore, the contributibthe other roots in

a—1

n—1
2+ (k+ D(a—2)" , form

the formula forFflk) will quickly become trivial, and thuﬁék) ~

suffciently large.

(@) Ry = lim F®) /M exists for allk > 1:

(k) a—1 a™
R = lim "(J];)l = lim 2+(];t11)(a_2) — =«
n—oo py T D) (=2 ¢
Let us renamey, the unique root of equation® — z*~1 — ... — 1 = 0 such thafay| > 1. Then,

we have obtained thadt, = «;,.
(b) klim R =2:
_ . 1
In the same reference [1] it is established thatifor 4, 2 — 78 < «ay < 2 holds. Then,

1
lim2——k < lim Rg = hmak<2

k—o0 3 k—o0

lim Ry = 2.

k—oo

(€) L= lim (Re1 = Ri) / (Riy2 = Riyr) = 2



2

This may be written ad, = klim (g1 — ar) / (g2 — agy1) = 2: We use now the following
— 0

theorem [2, Theorem 3.9]For each positive integek, let 2(1 — ¢;) be the positive root of the

respective characteristic equation. Then

- (k + l)i -2 1
€k = Z ( i—1 i (k+1)i

i>1

Then the limit becomes

. €k4+1 — €k
L = hm +—
k—oo €g12 — €41

(k+2)i—2 1 (k+1)i—2 1
Z i—1 i2(k+2)i - i—1 §2(k+1)i

= lim = =
— i—1 12(k+3)i — i —1 12(k+2)i
_ lim 2k1+2 - 2k1+1 —9
k—oo ok+3 2k1+2
]
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