SOLUTION TO AMM PROBLEM # 11369

ANGEL PLAZA AND JOSE MIGUEL PACHECO

Proposed by DONALD KNUTH, Sanford University, Sanford, CA.
Problem . # 11369 Show that for all real ¢, and all o > 2,
e e —2< (e + e’t)a — 2%
Solution: It is clear that the equality holds fer= 0 and anya > 2, and also for any real
t anda = 2. Let us suppose then thatt 0 anda > 2. Sincexr = ¢! > 0 in this case, the

inequality may be written as

1 (0%
() a:o‘+:c°‘—2<(a:+—) — 2%
T
Also, sincer - ! = 1 it can be supposed that> 1.

Note that ifg(z) = z* + 2~ and f(z) = (z + i)a then Eq. (1) may be written as

(2) g(x) —g(1) < f(x) — f(1),
or, equivalently,

g(x) —g(1)
©) RO

Now, by the Lagrage Theorem, the Left-Hand Side of Eq. (3}7%%, for some reat
C

such thatl < ¢ < z.

g'(c)
f'(c)

o 1 1\ 1
4) ax l—axa+1<a<x+g> (1—;)

1 1\ 1
a—1 a—1
(5) x [1 — _xQO‘} <z (1 + _:EQ) (1 — _xz)

% =y givesO < y < 1 and Eq. (5) reads:
(6) 1-y* <(1+y) ' 1-y) =1+y)* " =yl +y*

) 1= (149 <y —y(l+y)* =y [y = (1 +y)*"]

Date: October 31, 2008.

Note that

<1 & ¢ (c) < f'(c). Thatis, usingr instead of,
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© (1(3;)%)1 - yall

Let us consider functiod’(y) = y>~!. F is strictly convex, sincéd”(y) = (a — 1)(a —

2)y*3 > 0, fory > 0 anda > 2. If denote byAr(z,y) = Fly) = F(z) the divided

difference of function?’, then Eq. (8) may be understood as: -

>y

9 —_ >

which is equivalent to

10 ot TP s 1 e Ap(l 1 > Ap(y, 1
(10) Ar( 1) F(L,1+y) > Ap(y, 1 +y)

Now, we use the following lemma [1]:
LEMMA. Afunction F' : (a,b) — R is convex (strictly convex) if and only if its divided
difference Ar(z,y) isincreasing (strictly increasing) in both variables.

Inequality (10) may be illustrated by the following figurensidering that\ (1, 1 + y)
is the slope of the line passing through poiBtandC', while Ag(y, 1 4 y) is the slope of
the line passing through pointsandC'"
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Note, also, that for the case= 2, functiony = x>~ into the previous figure is precisely
y = x and in this case we have the equality. O
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