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Problem# 11423 Proposed by Gregory Minton, D. E. Shaw Research, LLC, New York,
NY. Show that ifn and m are positive integers witw > m andn — m even, then
[2, "™ sin"™ x dx is a rational multiple ofr.
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Solution. [;* f(x) dx is defined as the I|m|ﬂ1m f(z) dx, provided that this limit ex-
0

ists. When the functiorf(x) is even, as in our case, one hﬁs f(z / f(x
0

In our case, sincginz = I (¢*), andcosnz + isinnz = (¢*)", thensin™ z may be
written as the real part if is even (or imaginary part if is odd) of a polynomial or** of
degreeen with rational coefficients. For our purposes, we considee la@ integral of the

R 6inz
form lim ( / dz).
r 2"
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Let us consider the complex integrg} = fc & dz, whereCr = [-R, —¢] U 6. U
le, Rl U dg. That is,Cy is a contour consisting on two line segments along the rdal ax
between- R ande, and betweer and R, and two semicircles centered at the origin=
{z =ee" t €[r,0]},anddr = {2z = Re™, t € [0,7]}.
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By the Residue Theoremlz; = 0 since there is no interior pole 0z of function
eznz

i:f. On the other hand, for — 0, andR — oo we have/ —
[-R,—€]U[¢,R] #

R eirw einz -
lim (/ dx> ,/ dz — 0, andf(s —mReS< — ,0).
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Note that Re{ O) = lim (zm ¢ ) = (in) .
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and the result of the proposed integral must be a rationaipreibf . O

dz —

Therefore, lim (
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