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Problem# B-1044 Proposed by Paul S. Bruckman, Sointula, Canada
Prove the following identities:

(D) (Ln)® = 2(Foi1)” = (Fa)” +2(Fo)™:
(2) 25 (Fn)® = 2(Lns1)” = (Ln)* + 2 (Ln1)s

Solution. We use the following relations between Fibonacci and Lucasbers:
L, =F,.1+F, 1,and5F, = L, .1+ L, _1, which follow directly from the Binet formulas.

Proof of (1): SincelL,, = F,,;1 + F,,_1, we have:
(Ln)? = (Fon1)’ + (Fac1)® + Fapa Faot + Fun Fy
= (Fps1)’ + (Foct)’ + Fort (Fasr — Fo) + (Fo + Foo1) Fo
2 (Fus1)? +2(Foo1)’ = Fy (Foyr — Fooy)
= 2(Fu)’ +2(Fom1)® — (F)?

L]
Proof of (2): SincebF,, = L,.1 + L,_1, we have:
25(F,)° = (Lns1)* + (Ln1)* 4 Lns1Ln-1 + Lys1Lns
= (Ln+1)2 + (Ln—1)2 + L+ (Ln-i-l - Ln) + (Ln + Ln—1> Ly
= 2(Lns1)* +2(Ln-1)? = Ly (Lypsy — Ln1)
= 2(Lu)’ +2 (L)’ — (La)?
[
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