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(b) More generally, if the real part of z is positive, find the value of:
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Solution: by Santiago José de Luxán (student) and Angel Plaza,

University of Las Palmas de Gran Canaria, 35017-Las Palmas G.C., Spain.

(a) P =

∞
∏

n=1

(

2m + 2n − 1

2n − 1

) (

2n

2m + 2n

)

= lim
N→∞

N
∏

n=1

(

2m + 2n − 1

2n − 1

)(

2n

2m + 2n

)

PN =

N
∏

n=1

(

2m + 2n − 1

2n − 1

) (

2n

2m + 2n

)

=
(2N + 2m − 1)!!

(2m − 1)!!(2N − 1)!!

N !m!

(N + m)!

=
m!

(2m − 1)!!

(2N + 2m − 1)!!

(2N − 1)!!

N !

(N + m)!

It is known that for odd integer values of n we have:

Γ
(n

2
+ 1

)

=
√

π
n!!

2(n+1)/2
⇒ n!! =

Γ
(

n
2 + 1

)

2(n+1)/2

√
π

(2N + 2m − 1)!! =
Γ

(

N + m + 1
2

)

2N+m

√
π

(2N − 1)!! =
Γ

(

N + 1
2

)

2N

√
π

and therefore,

PN =
m! 2m

(2m − 1)!!
·
Γ

(

N + m + 1
2

)

Γ
(

N + 1
2

) ·
Γ(N + 1)

Γ(N + m + 1)

Now since,
Γ(z + m)

Γ(z)
= (z)m, then lim

N→∞

Γ
(

N + m + 1
2

)

Γ
(

N + 1
2

) ·
Γ(N + 1)

Γ(N + m + 1)
= 1,

and P = (2m)!!
(2m−1)!! . �



(b) P (z) =

∞
∏

n=1

(

1 +
z

n

)(−1)n−1

=

∞
∏

n=1

1 + z
2n−1

1 + z
2n

= (z + 1)

∞
∏

n=1

1 + z
2n+1

1 + z
2n

We use the product expression of the gamma function
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