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Let f a twice differentiable function on R with f ′′ continuous on [0, 1] such that

∫
1

0

f(x)dx = 2

∫
3/4

1/4

f(x)dx

Prove that there exists an x0 ∈ (0, 1) such that f ′′(x0) = 0.

Solution: Bellow there are two proofs:

(1) Letting g(x) = f(1/2 + x) and

G(t) =

∫ t

−t

g(x)dx − 2

∫ t/2

−t/2

g(x)dx,

then G(0) = 0 and the required condition is equivalent to G(1/2) = 0. Hence, by the
Mean Value Theorem there is t0 ∈ (0, 1/2) such that G′(t0) = 0. Since

G′(t) = g(t) − g(t/2) − (g(−t/2) − g(−t))

then by the Mean Value Theorem, there are θ+ ∈ (t0/2, t0) and θ− ∈ (−t0,−t0/2) such
that

0 = G′(t0) = g′(θ+)t0/2 − g′(θ−)t0/2.

By applying again the Mean Value Theorem there is θ ∈ (θ−, θ+) ⊂ (−1/2, 1/2) such
that

0 = g′′(θ)(θ+ − θ−)

that is, letting x0 = 1/2 + θ ∈ (0, 1), f ′′(x0) = g′′(θ) = 0. �

Note that the problem may be slightly generalized as follows: Given a, b ∈ (0, 1)
with a < b, if f a twice differentiable function on R with f ′′ continuous on [0, 1] such
that

∫
1

0

f(x)dx =

∫ b

a

f(x)dx

b − a

then there is some x0 ∈ (0, 1) such that f ′′(x0) = 0.



(2) The problem may be proved by contradiction and graphically as follows:

(a) If f ′′(x) > 0 for all x ∈ (0, 1). Then

∫
1

0

f(x)dx >

∫
3/4

1/4
f(x)dx

1/2
:

10 1/4 3/4

(b) If f ′′(x) < 0 for all x ∈ (0, 1). Then

∫
1

0

f(x)dx <

∫
3/4

1/4
f(x)dx

1/2
:

10 1/4 3/4

Remark: It is also true that if f a twice differentiable function on R with f ′′

continuous on [0, 1] and there is a not empty subinterval (a, b) ⊂ [0, 1] such that∫
1

0

f(x)dx =

∫ b

a
f(x)dx

b − a
there exists an x0 ∈ (0, 1) such that f ′′(x0) = 0. �


