
Problem B-951

B-951Proposed by the Stanley Rabinowicz, MathPro Press, Westford, MA
(February 2003)
The sequence〈un〉 is defined by the recurrence

un+1 =
3un + 1
5un + 3

with the initial conditionu1 = 1. Expressun in terms of Fibonacci and/or Lucas
numbers.

Solution by Angel Plaza and Sergio Falcón (jointly), Department of Mathematics,
University of Las Palmas de Gran Canaria, Spain

The first values for Fibonacci numbers, Lucas numbers, and sequenceun lead us
to conjecture that

un =
F2n−1

L2n−1
(1)

Proof: (By induction onn) Forn = 1, u1 = 1 and
F2−1

L2−1
=

F1

L1
= 1.

Suppose that (1) is true forun, and let us prove it forun+1:

By definition,un+1 =
3un + 1
5un + 3

. So, taking into account (1) we get:

un+1 =
3un + 1
5un + 3

=
3F2n−1 + L2n−1

5F2n−1 + 3L2n−1

Now, from [1]: {
Fn + Fn+2 = Ln+1

Ln + Ln+2 = 5Fn+1

}

from which after some algebra we get:3F2n−1 + L2n−1 = 2F2n+1, and5F2n−1 +

3L2n−1 = 2L2n+1, and henceun+1 =
2F2n+1

2L2n+1
=

F2(n+1)−1

L2(n+1)−1
. ¤
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Problem B-952

B-952Proposed by the Scott H. Brown, Auburn University, Montgomery, AL
(February 2003)
Show that

10F10n−5 + 12F10n−10 + F10n−15 = 25F 5
2n + 25F 2

2n + 5F2n

for all integersn ≥ 2.

Solution by Sergio Falćon and Angel Plaza (jointly), Department of Mathematics,
University of Las Palmas de Gran Canaria, Spain

Let us callA = 10F10n−5+12F10n−10+F10n−15 andB = 25F 5
2n+25F 2

2n+5F2n

We will use the symmetric relations:

Fr+k = LkFr + (−1)k+1Fr−k (1)

Takingr = 10n− 10, andk = 5 in (1):

F10n−5 = L5F10n−10 + F10n−15 = 11F10n−10 + F10n−15 (2)

And substituting in the first part of the identity to be proved, we obtain:
A = 110F10n−10+10F10n−15+12F10n−10+F10n−15 = 122F10n−10+11F10n−15 =
123F10n−10 + 11F10n−15 − F10n−10 = L10F10n−10 + L5F10n−15 − F10n−10

where, using (1) with respective values{k = 10, r = 10n − 10}, and{k = 5, r =
10n− 15}:

A = (F10n + F10n−20) + (F10n−10 − F10n−20)− F10n−10 = F10n

On the other hand,F2n = 1√
5
(α2n − β2n), so

5F2n = 5√
5
(α2n − β2n)

25F 3
2n = 5√

5
(α6n − 3α4nβ2n + 3α2nβ4n − β6n) =

= 5√
5
(α6n − 3α2n + 3β2n − β6n)

25F 5
2n = 1√

5
(α10n − 5α8nβ2n + 10α6nβ4n − 10α4nβ6n + 5α2nβ8n − β10n) =

= 1√
5
(α10n − 5α6n + 10α2n − 10β2n + 5β6n − β10n)

where, we have used thatαβ = −1. Now, summing upB = 25F 5
2n + 25F 2

2n + 5F2n,
we also getB = F10n. ¤



Problem B-953

B-953Proposed by Harvey J. Hindin, Huntington Station, NY
(February 2003)
Show that

F 4
n + F 4

n+1 + F 4
n+2

is never a perfect square. Similarly, show that

(qWn)4 + (pWn+1)4 + (Wn+2)4

is never a perfect square, whereWn is defined for all integersn by Wn = pWn−1 −
qWn−2 and whereW0 = a andW1 = b.

Solution by Sergio Falćon and Angel Plaza (jointly), Department of Mathematics,
University of Las Palmas de Gran Canaria, Spain

SinceFn+2 = Fn+1 + Fn, if A = F 4
n + F 4

n+1 + F 4
n+2, then

A = 2
(
F 4

n+1 + 2F 3
n+1Fn + 3F 2

n+1F
2
n + 2Fn+1F

3
n + F 4

n

)
= 2B

So if we suppose thatA is even, thenB is also even.

Now, since any two consecutive terms of the Fibonacci sequence are either both
even (case (a)) or one even and the other one odd (case (b)), we have two possibilities:

(a) In this case,F 4
n+1 + F 4

n + 3F 2
n+1F

2
n is an odd number, soB is odd.

(b) Now, if, for example,Fn is even,Fn+1 is odd, then onlyF 4
n+1 is odd and the

rest of the terms into the parenthesis are even, so againB is odd.

In any case, we get a contradiction. ¤

The reasoning for sequenceWn is similar. Let us call

A = (qWn)4 + (pWn+1)4 + (Wn+2)4

SinceWn = pWn−1 − qWn−2, thenWn+2 = pWn+1 − qWn so

A = (qWn)4 + (pWn+1)4 + (pWn+1 − qWn)4

A = 2
[
(pWn+1)4−2(pWn+1)3(qWn)+3(pWn+1)2(qWn)2−2(pWn+1)(qWn)3+(qWn)4

]

SoA is even.
If B =

[
(pWn+1)4−2(pWn+1)3(qWn)+3(pWn+1)2(qWn)2−2(pWn+1)(qWn)3 +

(qWn)4
]
, then we can distinguish some cases:



(a) If pWn+1 andqWn are odd, thenB is odd, becauseB comprises one odd term
3(pWn+1)2(qWn)2, and the rest of the terms are even.

(b) If pWn+1 is odd andqWn is even, thenB is also odd.

(c) Finally, if bothpWn+1 andqWn are even, then we have:

A = 2·16
[
(p′Wn+1)4−2(p′Wn+1)3(q′Wn)+3(p′Wn+1)2(q′Wn)2−2(p′Wn+1)(q′Wn)3+(q′Wn)4

]

that isA = 2 · 16B′. From whichB′ must be even.

Following this reasoning numbersB, B′, etc. are each time lower until we get a
contradiction.

¤



Problem B-954

B-955Proposed by H.-J. Seiffert, Berlin, Germany
(February 2003)
Let n be a nonnegative integer. Show that

√
(
√

5 + 2)(
√

5F2n+1 − 2) = L2bn
2 c+1 +

√
5F2dn

2 e

whereb·c andd·e denote the floor- and ceiling-function, respectively.

Solution by Sergio Falćon and Angel Plaza (jointly), Department of Mathematics,
University of Las Palmas de Gran Canaria, Spain

Let us callA =
√

(
√

5 + 2)(
√

5F2n+1 − 2), andB = L2bn
2 c+1 +

√
5F2dn

2 e.

If n = 2k for some integerk, thenB = L2k+1 +
√

5F2k, so

B = α2k+1 + β2k+1 + α2k − β2k = α2k(α + 1) + β2k(β − 1) =
= 3+

√
5

2 α2k − 1+
√

5
2 β2k

So,

B2 =
7 + 3

√
5

2
α4k +

3 +
√

5
2

β4k − 2(2 +
√

5) =

= α4k+1 (2 +
√

5)− β4k+1 (2 +
√

5)− 2(2 +
√

5) =
= (2 +

√
5)

(
α4k+1 − β4k+1 − 2

)
= (2 +

√
5)

(√
5F4k+1 − 2

)
= A2

Now, if n = 2k + 1 for some integerk, then

B = L2k+1 +
√

5F2k+2 = α2k(α + 1) + β2k+1(1− β) =
= 3+

√
5

2 α2k+1 + 1+
√

5
2 β2k+1

So,

B2 =
14 + 6

√
5

4
α4k+2 +

6 + 2
√

5
4

β4k+2 − (4 + 2
√

5) =

=
7 + 3

√
5

2
α4k+3 2

1 +
√

5
+

3 +
√

5
2

β4k+3 2
1−√5

− (4 + 2
√

5) =

= (2 +
√

5)
(
α4k+3 − β4k+3

)− 2(2 +
√

5) =
= (2 +

√
5)

(√
5F4k+3 − 2

)
= A2

¤



Problem B-955

B-955Proposed by Ovidiu Furdui, Western Michigan University, Kalamazoo, MI
(Vol. 41, no.1, February 2003)
Prove that

1 <
F2n√

1 + F 2
2n

+
1√

1 + F 2
2n+1

+
1√

1 + F 2
2n+2

<
3
2

for all integern ≥ 0.

Solution by Angel Plaza and Sergio Falcón (jointly), Department of Mathematics,
University of Las Palmas de Gran Canaria, Spain

Proof: Let us callAn =
F2n√

1 + F 2
2n

+
1√

1 + F 2
2n+1

+
1√

1 + F 2
2n+2

.

For the left inequality, consider:An >
F2n

1 + F2n
+

1
1 + F2n+1

+
1

1 + F2n+2
> 1,

where for the last inequality some elemental algebra must be applied.

For the right inequality, since functions
1√

1 + x2
, and

x√
1 + x2

+
2√

1 + x2
, are

decreasing functions in their arguments, we get thatAn ≤ F2√
1 + F 2

2

+
1√

1 + F 2
3

+

1√
1 + F 2

4

= 1.4705491 <
3
2

¤


