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Problem# 1827 Proposed by Christopher Hilliar, Texas A & M University, College Station,
TX. Let A be ann x n matrix with integer entries and such that each columma$ a
permutation of the first column. Prove that if the entrieshia tirst column do not sum to
0, then this sum dividedet(A).

Solution. It is a direct consequence of two basic properties of detenis.

(1) If a row (or column) is changed by adding to or subtracfiaogn its elements any
linear combination of the corresponding elements of angratbw (or column) the
determinant remains unaltered.

(2) Ifthe elements in any row (or column) have a common faetibren the determinant
equals the determinant of the corresponding matrix in which 1.

If we change the first row of matrid by the sum of all the rows, then all the elements of
the new row are equal to the sum or the entries in the first colohmatrix A, because the
sum of the elements of any permutation independent of thayetion itself. Now, by the
second property the result follows. More formally:

Let (ai,as,...,a,) be the entries in the first column of matri, and lets; € S,
j=1,2,...,n—1Dbe those permutations afelements such that;(a;), o;(as), . .., 0;(an)
is thej-th column. Then one has:
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becauseforall = 1,2,...,n—1,itholdsthaty "  a; = >"" | 0,(a;). The only restriction
is > a; # 0, regardless of the nature of the elementsThere is no need to suppose
them to be integers.
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